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COVARIANCE STRUCTURE OF PARABOLIC STOCHASTIC 
PARTIAL DIFFERENTIAL EQUATIONS WITH 
MULTIPLICATIVE LEVY NOISE 


KRISTIN KIRCHNER, ANNIKA LANG, AND STIG LARSSON 


Abstract. The characterization of the covariance function of the solution 
process to a stochastic partial differential equation is considered in the para¬ 
bolic case with multiplicative Levy noise of affine type. For the second moment 
of the mild solution, a well-posed deterministic space-time variational prob¬ 
lem posed on projective and injective tensor product spaces is derived, which 
subsequently leads to a deterministic equation for the covariance function. 


1. Introduction 

The covariance function of a stochastic process is an interesting quantity for the 
following reasons: It provides information about the correlation of the process with 
itself at pairs of time points. In addition, it shows if this relation is stationary, i.e., 
whether or not it changes when shifted in time, and if it follows a trend. In [6] 
the covariance of the solution process to a parabolic stochastic partial differential 
equation driven by an additive Q-Wiener process has been described as the so¬ 
lution to a deterministic, tensorized evolution equation. In this case the solution 
process is also Gaussian with mean zero and therefore completely characterized by 
its covariance. It is now natural to ask whether it is possible to establish such an 
equation also for covariance functions of solutions to stochastic partial differential 
equations driven by multiplicative noise. 

In the present paper, we extend the study of the covariance function to solution 
processes of parabolic stochastic partial differential equations driven by multiplica¬ 
tive Levy noise in the framework of [8]. In this case the solution process is no longer 
fully characterized by the covariance, but the covariance function is still of interest 
as mentioned above. We emphasize that it is the extension to multiplicative noise 
which is the main motivation and challenge here; the extension to Levy noise is 
rather straightforward since the theory of the corresponding Ito integral is more 
or less parallel to the Wiener case. The multiplicative operator is assumed to be 
affine. Clearly, under appropriate assumptions on the driving Levy process, the 
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mean function of the mild solution satisfies the corresponding deterministic, para¬ 
bolic evolution equation as in the case of additive Wiener noise, since in both cases 
the stochastic integral has expectation zero. However, the presence of a multiplica¬ 
tive term changes the behavior of the second moment and the covariance. We prove 
that also in this case the second moment as well as the covariance of the square- 
integrable mild solution satisfy deterministic space-time variational problems posed 
on tensor products of Bochner spaces. In contrast to the case of additive Wiener 
noise considered in [6], the trial and the test space are not Hilbert tensor products. 
Instead we use different notions of tensor product spaces to obtain well-posed vari¬ 
ational problems. These tensor product spaces are non-reflexive Banach spaces. In 
addition, the resulting bilinear form in the variational problem does not arise from 
taking the tensor of the corresponding deterministic parabolic operator with itself, 
but it involves a non-separable operator mapping to the dual space of the test space. 
For these reasons, well-posedness of the derived deterministic variational problems 
is not an immediate consequence, and operator theory on the tensor product spaces 
is used to derive it. We emphasize that, although the present manuscript is rather 
abstract, numerical methods based on this variational problem are currently under 
investigation. 

The structure of the present paper is as follows: In Section 2 we present the 
parabolic stochastic differential equation and its mild solution, whose covariance 
function we aim to describe. The results formulated in Section 3 will be used for 
proving the main results of this paper in Sections 4-6. More precisely, in Sub¬ 
sections 3.1-3.3 we present different notions of tensor product spaces and several 
operators arising in the variational problems satisfied by the second moment and 
the covariance of the mild solution. The weak ltd isometry, which we introduce in 
Subsection 3.4, is crucial for the derivation of the deterministic variational prob¬ 
lems. Theorems 4.2 and 5.5 in Sections 4 and 5 provide the main results of this 
paper: In Theorem 4.2 we show that the second moment of the mild solution sat¬ 
isfies a deterministic space-time variational problem posed on non-reflexive tensor 
product spaces. In order to be able to formulate this variational problem, we need 
some additional regularity of the second moment which we prove first. The aim of 
Section 5 is to establish well-posedness of the derived variational problem. Since 
the variational problem is posed on non-reflexive Banach spaces, it is not possible 
to apply standard inf-sup theory to achieve this goal. Instead, we show that the 
operator associated with the bilinear form appearing in the variational problem is 
bounded from below, which implies uniqueness of the solution to the variational 
problem. Finally, in Section 6 we use the results of the previous sections to obtain 
a well-posed space-time variational problem satisfied by the covariance function of 
the mild solution. 

2. The stochastic partial differential equation 

In this section the investigated stochastic partial differential equation as well as 
the setting that we impose on it are presented. In addition, we formulate the defi¬ 
nition as well as existence, uniqueness, and regularity results of the so-called mild 
solution to this equation in Definition 2.2 and Theorem 2.3. Finally, in Lemma 2.4 
we state a property of the mild solution which will be essential for the derivation 
of the deterministic equation satisfied by its second moment and its covariance 
function in Sections 4 and 6, respectively. 
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For two Banach spaces Ex and E 2 we denote by £{Ei]E 2 ) the space of bounded 
linear operators mapping from Ei to E 2 . In addition, we write Cp{E[i; £[ 2 ) for 
the space of Schatten class operators of p-th order mapping from iJi to £[ 2 , where 
Ell and H 2 are separable Hilbert spaces. Here, for 1 < p < 00 an operator T e 
C{Hi;H 2 ) is called a Schatten-class operator of p-th order, if T has a finite p-th 
Schatten norm, i.e., 

:= (^s„(T)M <+oo, 

VneN / 

where si(T) > S 2 (T) > ... > Sn(T) > ... >0 are the singular values of T, i.e., 
the eigenvalues of the operator and T* G C{H 2 ', Hi) denotes the adjoint 

of T. li Hi = H 2 = H we abbreviate Cp{H;H) by Cp{H). For the case p = 1 
and a separable Hilbert space H with inner product and orthonormal basis 

(e„)„gN we introduce the trace of an operator T G £i{H) by 

tr(T) := y^fTen,en)H- 
new 

The trace tr(r) is independent of the choice of the orthonormal basis and it satisfies 
|tr(r)| < ||r||ci(H), cf. [2, Proposition C.l]. By Cf{H) we denote the space of all 
nonnegative, symmetric trace class operators on H, i.e., 

C+iH) := {T G Ci{H) : {T^,^)h > 0, Vp,V' € H} . 

For p = 2, the norm ||T||£ 2 (Lri;Lr 2 ) coincides with the Hilbert-Schmidt norm. 

In the following U and H denote separable Hilbert spaces with norms || • ||c/ and 
II • ||i/ induced by the inner products (•,•)[/ and respectively. 

Let L := {L{t),t > 0) be an adapted, square-integrable, [/-valued Levy process 
defined on a complete filtered probability space (H,^, More precisely, 

we assume that 

(i) L has independent increments, i.e., for all 0 < to < H < ■ • ■ < tn the U- 
valued random variables L{ti) — L{to), L{t 2 ) — L{ti), ..., L(t„) — L(t„_i) 
are independent; 

(ii) L has stationary increments, i.e., the distribution of L{t) — L{s), s < t, 
depends only on the difference t — s; 

(iii) L(0) = 0 P-almost surely; 

(iv) L is stochastically continuous, i.e., 

limP(||L(t) — L{s)\\u > e) = 0 Ve > 0, Vt > 0; 

S—^t 

s>0 

(v) L is adapted, i.e., L{f) is Jq-measurable for all t > 0; 

(vi) L is square-integrable, i.e., E [|lL(t)||y] < -foo for all t > 0. 

Furthermore, we assume that for t > s > 0 the increment L{t) — L{s) is inde¬ 
pendent of Eg and that L has zero mean and covariance operator Q G Cf ([/), i.e., 
for all s,t>0 and x,y GU it holds: E{L{t),x)u = 0 and 

(2.1) E [(L(s), x)u{L{t), y)u] = min{s, t] {Qx, y)u, 

cf. [8, Theorem 4.44]. Note that under these assumptions, the Levy process L is a 
martingale with respect to the filtration {Et)t>o by [8, Proposition 3.25]. 
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In addition, since Q G £^(17) is a nonnegative, symmetric trace class operator, 
there exists an orthonormal eigenbasis (e„)„gN C U of Q with corresponding eigen¬ 
values (7n)nGN C M>o, i.e., Qcn = Jn^n for all 71 G N, and for x G (7 we may define 
the fractional operator by 

Q^x := ^ 7^ (x, e„)(7 e„ 
new 

as well as its pseudo inverse by 

Q 2x:= ^ 7n ^ (x,e„}!j e„. 

uGN : 7 / 1^0 

We introduce the vector space % := . Then "H is a Hilbert space with respect 

to the inner product {■,■)-}{ '■= 

Furthermore, let A: T>{A) C i? —>■ id be a densely defined, self-adjoint, positive 
definite linear operator, which is not necessarily bounded, but which has a compact 
inverse. In this case —A is the generator of an analytic semigroup of contractions 
> 0) and for r > 0 the fractional power operator is well-defined on a 
domain C H, cf. [7, Chapter 2]. We define the Hilbert space as the 

completion of T>{A'^/'^) equipped with the inner product 

and obtain a scale of Hilbert spaces with C id'’ C id*' = id for 0 < r < s. Its 
role is to measure spatial regularity. We denote the special case when r = I by 
V := . In this way we obtain a Gelfand triple 

V ^ H^H* ^V*, 

where we use * to denote the identification of the dual spaces of id and V with 
respect to the pivot space id. Later on, the notation ' will be used when addressing 
to the dual space in its classical sense, i.e., as the space of all linear continuous 
mappings to M. In addition, although the operator A is assumed to be self-adjoint, 
we denote hy A* : V -G V* its adjoint for clarification whenever we consider the 
adjoint instead of the operator itself. With these definitions, the operator A and 
its adjoint are bounded, i.e., A, A* G C{V] V*), since for H it holds 

v{Aip,'ip)v = = v{v,A*'ip)v-, 

where v{‘g)v and v{‘g)v* denote dual pairings between V and V*. 

We consider the stochastic partial differential equation 


( 2 . 2 ) 


dX{t) + AX{t) dt = G{X{t)) dL{t), t G T := [0, T], 
X{0) = Xo, 


for hnite T > 0. In order to obtain existence and uniqueness of a solution to 
this problem as well as additional regularity for its second moment, which will be 
needed later on, we impose the following assumptions on the initial value Xq and 
the operator G. 


Assumption 2.1. The initial value Xq and the operator G in (2.2) satisfy: 

(i) Xq is a square-integrable, id-valued random variable, i.e., Xq G L‘^{fl;H), 
which is J^o'insasurable. 
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(ii) G: H ^ is an affine operator, i.e., G{ip) = Gi{‘^) + G 2 with 

operators Gi € L{H, L 2 {'H] H)) and G 2 € C 2 {'H;H). 

(iii) There exists a regularity exponent r G [0,1] such that Xq G H^) and 

A''/^S{-)Gi G L‘^{T-C{H'^-,C 2 {n-,H))), i.e., 

< + 00 . 

0 

(iv) A^/^Si-)Gi G L^{T;C{H-;C 2 {n;H))), i.e., 



\A-^Sit)G^ 




dt < + 00 , 


with the same value for r G [0,1] as in (iii). 

(v) Gi G C(V,C{U]H)) and G 2 G C{U;H). 


Note that the assumption on Gi in part (iv) implies the one in part (iii). Con¬ 
ditions (i)-(iii) guarantee regularity of the mild solution (cf. Theorem 2.3), but 
we need all five assumptions for our main results in Sections 4 and 6. 

Before we derive the deterministic variational problems satisfied by the second 
moment and the covariance of the solution X to (2.2) in Sections 4 and 6, we have to 
specify which kind of solvability we consider. In addition, existence and uniqueness 
of this solution must be guaranteed. 


Definition 2.2. A predictable process X: ft x T ^ H is called a mild solution 
to (2.2), if suptgT \\X{t)\\L^(n-,H) < +00 and 

(2.3) X{t) = S{t)Xo+ f S{t-s)G{X{s))dL{s), t G T. 

Jo 

It is a well-known result that there exists a unique mild solution to equations 
driven by affine multiplicative noise as considered above. More precisely, we have 
the following theorem. 

Theorem 2.3. Under Assumption 2.1 (i)-(ii) there exists (up to modification) a 
unique mild solution X of (2.2). If additionally Condition (iii) of Assumption 2.1 
holds, then the mild solution satisfies 

sup||A:(t)||^ 2 (o.*.) < + 00 , 

tGT 

i.e., X G L°°{T-,L^{Ul-,H'^)). 

Proof. The first part of the theorem follows from [8, Theorem 9.29]. Suppose now 
that condition (iii) is satisfied. By the dominated convergence theorem the sequence 
of integrals 

IIA 2 S'(t)Gi|!^|.^^.^^(^;^)) 1(0, T/n)(T) dr, 

where n G N and l(o,T/n) denotes the indicator function on the interval (0,r/n), 
converges to zero as n —> 00 . Therefore, there exists T G (0,T] such that 

K := f dr < 1. 

J 0 
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Define T := [0,T], Z := L°°{T-,L^{VL]H^)) and 

T:Z^Z, T{Z){t)-=S{t)Xo+ [ S{t - s)G{Z{s)) <lL{s), i G f. 

Jo 

Then T is a contraction: For every t gT and Zi^ Z 2 € 2 we have 

||T(Zi)(i) - riz^mwl.^n-Mn = ® r - ^)GiiZi{s) - Z 2 (s)) dL{s) 


= E 


AiS{t - s)Gi{Zi{s) - Z 2 is))dL{s) 


H 


since A and, hence, are closed operators. Now the application of Ito’s isometry 
for the case of a Levy process, cf. [8, Corollary 8.17], yields 


= E r - s)Gi(Zi(s) - Z2 (s))|| 2^(„ ds 

Jo 

< E r - Z2(s)||y ds 

^ 0 

0 

where the interchanging of the expectation and the time integral is justified by 
Tonelli’s theorem. Therefore, we obtain the estimate 

||T(Zi)(t) - < ic2supE||Zi(s) - Z2(s)||y 

seT 

for all t G T and ||T(Zi) — T(Z 2 )|| 2 : < k\\Zi — Z 2 II 2 :, which shows that T is a 
contraction. By the Banach fixed point theorem, there exists a unique fixed point 
X* of T in Z. Hence, X = X* is the unique mild solution to (2.2) on T and 

iixiii = supE||x(t)i!y <+ 00 . 

teT 

The claim of the theorem follows from iterating the same argument on the intervals 
[(m — l)r, min{mT, T}], m G {l, 2,..., [T/T] }. □ 


Lemma 2.4 relates the concepts of weak and mild solutions of stochastic partial 
differential equations, cf. [8, Section 9.3], and provides the basis for establishing 
the connection between the second moment of the mild solution and a space-time 
variational problem. In order to state it, we first have to define the differential op¬ 
erator dt and the weak stochastic integral. For a vector-valued function m : T — >■ H 
taking values in a Hilbert space H we define the distributional derivative dtu as 
the iJ-valued distribution satisfying 

{{dtu){w),<f)H = - ^{t){u{t),ip)Hdt 

for all (/? G iL and w G G“(T;IR), cf. [3, Definition 3 in §XVHL1]. 

In the following, we consider the spaces x T; £2(77; H)) as well as £^(H x 
T;£{U;H)) of square-integrable functions taking values in £2(77; 77) and £{U ; 77), 
respectively, with respect to the measure space (D x T, T^Tj P® A), where Vt denotes 
the (T-algebra of predictable subsets of fl x T and A the Lebesgue measure on T. For 
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a predictable process $ € x T; £ 2 ('H; H)) and a continuous _ff-valued function 
V G C^(T-,H) we define the stochastic process G L^(fl x T; £2('H;1S.)) by 

z 1 -^ (v(t),<P(t)z}H 'iz^'K, 

for all t G T. The predictability of follows from the continuity of u on T and the 
predictability of <I>. 

The weak stochastic integral {v(t),^{t)dL{t))H is then defined as the sto¬ 
chastic integral with respect to the integrand T, i.e., 

(2.4) f {v{t),^{t)dL{t))H ■■= [ di{t)dL{t) P-a.s., 

Jo Jo 

cf. [8, p. 151]. Its properties imply by [8, Equation (9.20)] the following lemma. 

Lemma 2.4. Let Assumption 2.1 (i)-(ii) he satisfied and let X be the mild solution 
to (2.2). Then it holds ¥-almost surely that 

{X,{—dt+A*)v)i, 2 (j.u-^ = {XQ,v{d))H+ [ {'v{t),G{X{t))dL{t))H 

Jo 

for all V G C^^^j.^{T;V{A*)) := {w G C\T,V{A*)) : w{T) = 0}. 

3. Auxiliary results 

The aim of this section is to prove some auxiliary results that will be needed 
later on to derive the main results in Sections 4, 5, and 6. 

In Subsection 3.1 we introduce different notions of tensor product spaces and 
some of their properties. The deterministic equations satisfied by the second mo¬ 
ment and the covariance will be posed on these kinds of spaces. 

Next, in Subsection 3.2, we use these tensor product spaces to define the covari¬ 
ance kernel associated with the driving Levy process L and derive some additional 
results for the interaction of this covariance kernel with the operators Gi and G 2 , 
see Lemmas 3.4 and 3.5. 

In order to formulate our main results in Sections 4-6 in a compact way, we 
introduce two operators in Subsection 3.3. These operators appear in the deter¬ 
ministic equations in Sections 4 and 6 and the results of this subsection provide the 
basis for proving their well-posedness in Section 5. 

Finally, Subsection 3.4 is devoted to an Ito isometry for the weak stochastic 
integral driven by a Levy process L. 

3.1. Tensor product spaces. Before we formulate the first result, we have to 
introduce some definitions and notation: For two Banach spaces Ei and E 2 we 
denote the algebraic tensor product, i.e., the tensor product of Ei and E 2 as vector 
spaces, by Ex®E 2 . The algebraic tensor product Ei ® E 2 consists of all finite sums 
of the form 

N 

0 'ipk, e El, ipk ^ E 2 , k = 1,... ,N. 

k^l 

There are several ways to define a norm on this space. Here we introduce three of 
them: 
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(i) Projective tensor product: By taking the completion of the algebraic tensor 
product El (g) E 2 with respect to the so-called projective norm defined for 
X G El ^ E 2 hy 


N 


N 


,E2 


:= inf 


'^\\Pk\\EA'^k\\E2 ■■x = ^ipk®'4^k 


k—1 




(ii) 


the projective tensor product space Ei E 2 is obtained. We abbreviate 
E^'^) := E if, whenever Ei = E 2 = E. 

Injective tensor product: The injective norm of an element x in the alge¬ 
braic tensor product space Ei 0 E 2 is dehned as 

f N 'l 


eE2 


:= sup 


'^.fiPk)g{ipk) 


■ f € Be' , g G Be' 


k=l 


where Be'^, Be^ denote the closed unit balls in the dual spaces Ej := 

£(i?j;IR), j = 1 , 2 , and Pk <8 i/’fc is any representation of a; € ifi 0 

E 2 . Note that the value of the supremum is independent of the choice of 
the representation of x, cf. [10, p. 45]. The completion of Ei 0 E 2 with 
respect to this norm is called injective tensor product space and denoted 
by El (§>£ E 2 . If El = E 2 = E, the abbreviation := E E is used, 
(iii) Hilbert space tensor product: If Ei and E 2 are Hilbert spaces with inner 
products (•, ^Ei and (•, •)_e 2 ) Itie tensor product Ei (§) E 2 is defined as the 
completion of the algebraic tensor product Ei 0 E 2 with respect to the 
norm induced by the inner product 

N M 

i^’y)Ei0E2 •= 

k=l 1=1 


where x = 'Yl!k=i Pk ® V’fc and y = ® Xe are representations of 

X, y G El ® i? 2 . For Ei = E 2 = E, set E^^'* ■= E ® E. 

In the latter case, we obtain again a Hilbert space, whereas the vector spaces in (i) 
and (ii) are Banach spaces, which are in general not reflexive, cf. [10, Theorem 4.21]. 
The following lemma is an immediate consequence of the definitions above. 


Lemma 3.1. For Banach spaces Ei, E 2 , Ei, F 2 and Hilbert spaces Hi, H 2 , Ui, 
U 2 the following hold: 

(i) For bounded linear operators S G E{Ei] Fi) and T G C{E 2 ', F 2 ) there exists 
a unique bounded linear operator S ( 8)77 T : Ei (§),„. E 2 -G Ei F 2 such that 
{S T){x ® y) = (Sx) 0 (Ty) for every x G Ei, y G E 2 and it holds 

\\S 'SlTrT\\Ei^Ei0„E2;Fi0„F2) = II-5'||c(Bi;Fi)||F11£(_E2;F2)- 

(ii) For bounded linear operators S G E{Hi-, Ui) and T G E{H 2 ] U 2 ) there exists 
a unique bounded linear operator S ■. Hi H 2 ^ Ui ® U 2 such that 
{S ®T){x®y) = {Sx) 0 {Ty) for every x G Hi, y G H 2 and it holds 

\\S<^T\\ 

C(Hi'§H2-,Ui0U2) ~ ll'S'||z;(Lri;(7i)||Fll£(F2;C/2)- 

(iii) The following chain of continuous embeddings holds: 

Hi 0.^. H2 ^ Hi (§) H2 Hi H2, 
where all embedding constants are equal to 1. 
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Proof. For (i) see [10, Proposition 2.3]. 

To see that S' 0 T is a bounded mapping with respect to the Hilbert tensor 
products in (ii), one may proceed as in [5, Section 1.2.3] - there for the case Hi = Ui 
and H 2 = U 2 . We may write S(8)T asS(S>T = {Iu^(S>T){S(S>Ih 2 ) and for a; € Hi®H 2 
we can choose a representation Y^^=i Pk <8 ipk of x, such that the vectors {ipk}k=i 
are orthonormal in H 2 . Then we obtain 

II ^ 2 ^ 

(g) =^\\Spk\\‘tj, 

fc=l ^ k=l 

N 

^ W^WciHuUi) X! = \\^\\ciHi;Ui)\\^\\H^0H2 

k^l 

and, thus, 

for all X € Hi (g) H 2 . In the same way, one can prove that 
\\{Iu,®T)y\\ 

U 10 U 2 - ||rllc(H-2;£/2)||j/|| U 10 H 2 
for every y G Ui® H 2 and conclude for x G Hi ® H 2 

11(S (g) < ||Tjj£(/i-2;U2)ll('S'®-IiL2)2^llc/i(tiL/2 

< l|7’llc(ff2;U2)ll>S'||c(H-i;;7i)l|a;|| Hi0H2- 

Hence, there exists a unique continuous extension S ®T G C{Hi ® H 2 ]Ui (g) U 2 ) 
with ||S (g = |lSll£(/i-^;(7j)jjTjj£(/i-2.c/2). 

In order to prove (iii), let x G Hi ® H 2 . Then, we estimate 

N N N 

\\x\\Hi^H2 = \\^‘fk®'tpk ^ =y'll7’fc||ffillV'fe||ff2 

"fc=l fc=l fc=l 

for any representation Pk^f’k of x. This shows that 

for all X G Hi® H 2 and, thus, Hi (g.^. H 2 ^ Hi ® H 2 with embedding constant 1. 

Furthermore, by the Riesz representation theorem, for / G Bj^/^ and g G Bj^^ 
there exist Xf € Bh^ and Xg G 5^2 such that {Xf,p)Hi = f{p), (Xg.' 0 )ff 2 = 
for ddd ip G Hi, \f G H 2 . This yields 

I ^ 2 I ^ 2 

^f{Pk)9{f’k) =^{Xf 

k^l k^l 

N N 

, Pk)Hi iXg, i’k)H2 iXf, Pi)Hi iXg, fii)H 2 

k^l 
N N 

> Pi)HiXf,Pk)Hi {{Xg, i’i)H 2 Xg, fik)H 2 

k^l 
N N 

= '^Y^{PxfPi^Pk)Hi\\Xf\\'Hi{Pxi,^G'4’k)H2\\XgfH2^ 
k=l 1=1 



10 


KRISTIN KIRCHNER, ANNIKA LANG, AND STIG LARSSON 


where and denote the orthogonal projections on the subspaces spanjx/} := 
{axf ■ ct gR} C Hi and spanjxg} := {aXg ^ € M} C H 2 , i.e., 


o ^ „ p , \Xg,iP)H2 

Pxf^-= lu, 112 Xf, f&Hi, Px,^-= 


{Xg,i’)h2^ 

2 - Xg, V & H2- 


lU/J |2 ^ ^ Xg^ ' 11 .^ 

WX/Wh^ \\X9\\H2 

By using the properties of orthogonal projections we estimate 

N 2 N N 

[^.f{‘Pk)g{i’k)\ = llx/liy llxgli H 2 ''^''^iPxf‘P^’PxfVk)Hi {Pxg''Ptj Pxg^k)H2 


k=l 


k=l 1=1 


N N 


= llx/liy llXgllff, ® Pxgi’G PxfV>k Pxgi^k)H, 0 H 2 

k=l 1=1 

N N 

= llx/liy IIXgllff,(Xl^x/‘P^ ® Pxg'^l’G PxfVk ® PxgA 


i=l 

N 


= llx/liyilxgliff, Y^Xf‘Pk®Pxg'^k 


fc=l 


N 


= llx,lll,.llx.lll,, (-P«»K,)E 




2 

H 10 H 2 
2 

H 10 H 2 ’ 


H 10 H 2 


where P^^ 0 P^^ denotes the extension of P^j ® P^^ to Hi® H^, which has been 
introduced in Lemma 3.1 (ii). This lemma and ||x/llffi ^ !> IIXgllLf 2 — 1 yield 

I ^ 2 II ^ 

\Yf{‘Pk)9{'^k) < \\PxS®Pxg\\YM,H2m2)\Y‘^>^®^k 








2 

H 10 H 2 
2 




for any representation J2k=i Vk ® i^k oi x G Hi ® H 2 . Since / G Bh' and g G Bh' 
were arbitrarily chosen we obtain 


Iff 10,^5 


= sup||^/((^fc)g(i/>fc) : / e Bh[, g e < \\x\\h,0H2- 


This yields Hi ® H 2 ^ Hi H 2 with embedding constant 1 and completes the 
proof. □ 


For our purpose - formulating variational problems on tensor product spaces for 
the second moment and the covariance of the mild solution to the stochastic partial 
differential equation - the following result on the dual space of the injective tensor 
product of separable Hilbert spaces will be important. 

Lemma 3.2. Let Hi and H 2 be separable Hilbert spaces. Then the dual space of the 
injective tensor product space is isometrically isomorphic to the projective tensor 
product of the dual spaces, i.e., {Hi ®g H 2 )' = H'l 0,^ H^. 

Proof. The proof can be extracted from [10] as follows: The dual space of the 
injective tensor product space can be identified with the Banach space of integral 
bilinear forms on Hi x H 2 by [10, Proposition 3.14]. In addition, since Hi and 
H 2 are separable Hilbert spaces, the dual spaces H[ and H^ have the so-called 
approximation property, which implies that the projective tensor product of them 
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can be identified with the Banach space of nuclear bilinear forms on Hi x H 2 
by [10, Corollary 4.8 (b)]. In general, the space of nuclear bilinear forms is only a 
subspace of the space of integral bilinear forms. Since we assume that Hi and H 2 
are separable Hilbert spaces, they have monotone shrinking Schauder bases and this 
fact implies that every integral bilinear form on Hi x H 2 is nuclear and the integral 
and nuclear norms coincide, cf. [10, Corollary 4.29[. Hence, the spaces {Hi H 2 )' 
and H{ H'^ are isometrically isomorphic. □ 


3.2. The covariance kernel and the multiplicative noise. For a [/-valued 
Levy process L with covariance operator Q as considered in Section 2, we define 
the covariance kernel q € as the unique element in the tensor space [/^^^ 

satisfying 

(3.1) (g, X ® y)u( 2 ) = (Qx, y)u 

for all X, y G U. Note that for an orthonormal eigenbasis (e„)„gN C U of Q with 
corresponding eigenvalues (7n)neN we may expand 

(3.2) q = ^ ^ ( {q^ Oji 0 {Cn 0 C^) = ^ [ 7m(^m ^m) 

n^Nm^N m^N 

with convergence of the series in since (e„ 0 em)n,meN is an orthonormal basis 
of [/*^^^ and (g, e„ 0 = "/mSnm, where 6nm denotes the Kronecker delta. In 

addition, we obtain convergence of the series also with respect to which is 

shown in the following lemma. 

Lemma 3.3. The series in (3.2) converges in U^'^\ i.e., 


lim 

M—>-oo 


q 


M 

^ ^ ^ ^m) 

m—1 


= 0 . 

u(-) 


Proof. For M gN define 

M 

(3.3) Qm ^ ^ ^ ^m)- 

m—1 


The trace class property of Q implies that ^ Too. Hence, for any e > 0 

there exists Nq gN such that J2m^M-\-i 7 m < e for all L > M > A^o and (gM)MeN 
is a Cauchy sequence in since for any L > M > Nq we obtain 


Wql - qM\\u(-) 


L 

^ ^ 7'm.(^m ^m) 

m—M-\-l 


C/(-) 


L 

- 'P 7m < £■ 
m=M+l 


The completeness of the space implies the existence of g* € such that 
lim \\qM — q*\\uM = The convergence lim gM = g in [/^^^ and the continuous 

M—^oo M—>-oo 

embedding [/^’^^ cf. Lemma 3.1 (iii), yield g = g* € □ 


The bilinear form and the right-hand side appearing in the deterministic varia¬ 
tional problems in Sections 4 and 6, contain several terms depending on the oper¬ 
ators Gi and G 2 as well as on the kernel g that is associated with the covariance 
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operator Q via (3.1). To verify that they are well-defined we introduce the following 
Bochner spaces as well as their inner products 

W := {ui,U2)w ■= [ {ui{t),U2{t ))h dt, 

Jo 

A':=L^(T;y), {vi,V2)a: := [ {vi{t),V2it))v dt 

Jo 

and derive the results of the two lemmas below. 


Lemma 3.4. For operators Gi and G 2 satisfying Assumption 2.1 (v) the following 
properties hold: 

(i) The linear operator Gi 0 Gi : U ®U — >■ £(T; W) ® C{X]W), 

M M 

t=i 

admits a unique extension Gi Gi G 

(ii) The linear operators Gi^G 2 : U^U —>■ L{X;W)®F[ and G 2 ®Gi : U®U —>■ 
H®C{X-W), 

MM MM 

® G 2 T 1 , ^'^G2^p\ ® Gi{-)pi 

t=l 1=1 t=l 1=1 

admit unique extensions Gi G2 G CfUG)C{X-.,W H)) and G 2 

Gi G C{UG)-C(X-H®^W)). 

(hi) The linear operator G2 0 G2 : U ®U H ® H, 

M M 

«) G2pi 

1=1 t=l 

admits a unique extension G2 ®7r G2 G ] F[^'^'>). 


Proof. We first note that Gi G £{V; £{U; H)) implies that Gi can be identihed 
with an element in £{U; £{X;W)), because for any (p G U we estimate 

\\Gi{-)p\\c(x-w) = sup II Gi ( 11 ) 1^11 w = sup 

u^X uGX 

ll“IU=i ll“IU=i 

\\Giiuit))\\l(^u.H) dt\ 


\\Gl\\ciV-,C(U-,H)) \\u{t)\\ydtj < ||Gl||£(y;£(£/;_f/))||(/?||c/. 

This inequality shows that 


< WpWu sup ( [ 
u^X \J 0 
ll«IU=i ^ 


< WpWu sup 


u^X 



Gi{u{f))p\\]jdt 


Gi G £(G;£(T; W)), ||Gi||£((7.£(;t;W)) < \\Gi\\c(v-,c(u-,h))- 
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In order to prove (i) note that by Lemma 3.1 (i) for two vectors G U there 

exists a unique operator Gi{-)(p^ satisfying 

N 

{Gi{-)ip^ Gi{-)ip^) {u) = ^ Gi{ul)ip^ ® Gi{ul)p>'^ 

k=l 

for any representation '^’k ^ df 0 df. This operator is bounded 

because 

\\Gi{-)ip^ 077 Gi{-)ip ^\\= \\Gi{-)'p^\\c(x-,w)\\Gi{-)ip^\\c(x-w)- 
In addition, for a representation 0 of € 17 0 [/ we may extend 

M 

(Gi(-) 0 Gi{-))ip = Gi(-)ip} 0 Gi(-)<P£ : df 0 T ^ W 0 W 

e=i 

to a bounded linear operator (Gi(-) 0 .^. Gi(-))<p € £(df(’^); since 

M 

||(Gi(-) 0 Gi{-))ip\\c(x(-^'l--Wi^'>) < Yh \\Gl{')v\ 0 ||£(A(’');W<’")) 

1=1 

M M 

= Y \\Gi{^v\\\c(x-w)\\Gi{-)ipl\\c(x-W) < IIGill 

t=i 1=1 

by the observations above. Therefore, (Gi(-) 0 Gi{-))ip € £(df(’^^; for all 

ip G U (S) U with 

||(Gi(-) 0 Gi(-))t/?llc(A(’');W(’')) < IIGill £(U;C(C/;ff)) II T’ll [/(’")■ 

This estimate shows that Gi 0 Gi: G 0 G — >■ £{X;W) 0 C{X]W) admits a unique 
continuous extension to an operator Gi 07 r Gi € 

For part (ii), let Yi^i 'A 0 T’? be again a representation of v? € G 0 G. Then, 
for u € df we calculate 

M M 

||^Gi(m)(^]0G2V3^ <Y\\Gi{u)p>\\\w\\G2^1\\h 

M 

- X! II^i(')'7]||£(Y;W)I|u|U||G2||£((7;H-)||V5?||(7 

i=l 

M 

< l|Gl||£(V;z:((7;ff))l|G2||£((7;ff)ll'w|U Y IIT’] II U || II U- 

e=i 

This calculation implies that (Gi(-) 0 G2)p> G C{X;W 0,7 H) for any Lp G U ®U 
with 

||(Gi(-)0G2V|| 

C{X-W0„H) ^ l|G'l||£(U;£((7;ff))l|G'2||c((7;L/)ll7’llc/<’')5 

and that there exists a unique extension Gi 0,7 G 2 G £{UG)■ £(^X;W 0,7 H)). 
It is obvious that the same argumentation yields existence and uniqueness of an 
extension G 2 0,7 Gi € £{UG)-^£(^X; H 07 r W)) of G 2 0 Gi. 

Assertion (hi) follows immediately, since G 2 G £{U;H) implies the existence of 
G 2 0,7 G 2 € £{U^'^^; HG)) by Lemma 3.1 (i). □ 
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Lemma 3.5. Define q € as in (3.1) and let Gi and G2 satisfy Assump¬ 
tion 2.1 (v). Then, 

(i) (Gi 0 Gi){-)q: A’G) —)■ yyM is bounded and 

(3-4) ll(Gl 0 Gi)(-)(7||£(_y(’');W<’")) — \\^i\\ciV-,C2{'H-,H))’ 

(ii) (Gi(-) (g) G2)q G CiX; W H) and (G 2 0 Gi{-))q G L{X] H W); 

(iii) \g 2® G2)q & 

Proof. The results (Gi (g) Gi){-)q G £(TG); wG)), (Gi(-) (g) G2)q G L{X-,WH), 
(G2 (g)Gi (-))(7 G C,{X', H®T^yV') and {G2®G2)q G are immediate consequences 
of Lemma 3.4, since q G by Lemma 3.3. 

In order to prove the bound in (3.4), let M G N and define qu & U (S> U as 
in (3.3). Set fm := ^/ffnem, m G N, and let '^k <g> be a representation of 

u G T (g) T. Then, 

N M 

II (Gi (g),n. Gi){u)qM\\wM <i:i:ilGiK)/™lln.||G.(«^)/,„||w 

k—1 m=l 

N / M \i/M 

^ E E wGiiuDurw E iiGi(^^D/miiw 

k—1 \m—1 / \m—1 / 

N 

^ \\^i\\c{V-,C2i'H-,H)) E ll^fclLII'*^felL’ 

fc=l 

since for v G X we obtain 

M M ..x 

'^\\Gi{v)fm\\w = '^\\Gi{v{t))f^\\%dt < ||Gi(u(t))||^^(„.^)dt, 

m=l "^0 m=l "^0 


where the last inequality follows from the fact that the set {fj : j G N, 7 ^ 7 I 0} 
forms an orthonormal basis of TL. Therefore, 


M .T 

E ll^i(^)/"illw ^ ll^i||£(y;£2(W;^^)) / ll^(0lly dt = ||Gi||£(y.£2(?i;//))lkllA' 

m=l do 


and, hence, (Gi (g) 7 r Gi)(-)(7m G £(tG); ypl’^)) for all M G N with 

||(Gl (g) Gi)(-)(7m||£(A'(’');W<’')) ^ ll^ill C(V-,C2('H-,H))- 

The bound for (Gi (g),r Gi){-)q in (3.4) follows from Lemmas 3.3 and 3.4 (i), since 
limM-j-oo 9 m = 9 in and Gi (g),r Gi G £(A’G); wG))). □ 


3.3. The diagonal trace operator. We introduce the spaces ^j,y{T;V*) := 
{u G iJi(T;fo*) : v{T) = 0} as well as := L^(T;V)nH^^^j,.^{T;V*). is a Hilbert 
space with respect to the inner product 

{vi,V2)y '.= {vi,V2) L^(T.y) + {dtVi,dtV2) L'^iT-y), Vi,V2 G y. 

Moreover, we obtain the following two continuous embeddings. 

Lemma 3.6. It holds that y ^ G°(T;iL) with embedding constant G < 1, i.e., 
sup ||u(s)||/i- < ||u||y for every v G y. 

sGT 
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Proof. For every v & y = L'^(fT-,V) F*) we have the relation 

II^'WIIh - lk(s)llli = [ 2 V‘{dtv{t),v{t))vdt, r,seT, r>s, 


cf. [3, §XVIIL1, Theorem 2]. Choosing r = T and observing that v{T) = 0 leads to 
||v(s)|||j < 2 ||5tw||L2(T;y.)||v||z,2(T;V) < WdtvWl^^j.y.) + ||ll||i2(T;y) = ||l^||y- □ 

Lemma 3.7. The injective tensor product space satisfies ^ with 

embedding constant C < 1. 


Proof. The continuous embedding of Lemma 3.6 implies that || 5 ||v' < ||5 ||co(T;H)' 
for all g € C'°(T; H)'. Therefore, the unit balls of the dual spaces satisfy i?co(T;H)' C 
Byi and the embedding of the injective tensor product spaces follows, since for 
vl^vl ey we obtain 


N 




k^l 


N 


= sup< ^f{vl)9{vl) ' f.g ^ Bco(j.Hy 


k^l 


r N ^ N 

- 9^)1 1^1 


k=l 


k=l 


yM 


□ 


In the deterministic equations satisfied by the second moment and the covariance, 
an operator associated with the diagonal trace will play an important role. For 
u&W®W,v&y®y and representations ^k ® Sfci d uf of u 

and V, respectively, we define 

N M T 

(3.5) Ts{u)v:=J 2J2 {ul{t),v}{t))H{uUt),v^{t))Hdt. 

k=i e=i “'0 

In addition, for w G W 0 and u & PI ®yV with representations ® Tk, 

and J2k=i Tk ® Uk, Wfe G W, Tk € respectively, as well as G H ® PI with 
representation Tk ® Tk define Tg accordingly, 

N M T 

Tsiufv := (Wfc(f), vl{t))H{Tk, dt, 

fc=l fcl “'0 

N M ..T 

Ts{u)v := EE/ {(pk,vl{t))H{uk{t),v‘j{t))H dt, 

k=l i=l “'0 

N M „T 

Tsi(f)v :=J2Y^ / {(fl,vl{t))H{‘pl,vj{t))Hdt. 

k=l fcl “'0 

With these definitions, Tg admits unique extensions to bounded linear operators 
mapping from the projective tensor spaces yVtgj^yV’, and H^^Pl, 

respectively, to the dual space y^‘^9 = £(3^*-'^^; K) of the injective tensor space 3f®e3f 
as we prove in the following proposition. 

Proposition 3.8. The operator Tg: {W 0 W) x (3^ 0 3^) —>■ K defined in (3.5) 
admits a unique extension to a bounded linear operator Tg G £(14’^’^^; 
II^< 5 ||£(w(’');VG)') < 1- Furthermore, Tg as an operator acting onW®P[, H®W, and 
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H®H admits unique extensions to Ts € C{yV , Ts G C{H , 

and Ts G respectively. 

Proof. Let u G W 0 W and v G y ^y with representations u = J2k=i ® 

V = Efci '^£ ® '^£ be given. Then, 


N M „T 

| 75 (u)v| = |Xm / i^kit),Ve{t))H{ul{t),vUt))Hdt\ 


<E r\wimH\\uUt)\\H\J2W^ 

fc=No £=1 


ul(t),v}(t)}H {ulit),v‘^{t))H 
\WlmH \\ulit)\\H 


N „T 




since |j^|| " G B//' for (/? G i? \ {0}. Therefore, 


M N 

|75(u)v| < supljE^'KO „,,E/ II^WII^^II^feWINdt 

M N 

<sup sup |E/(^1W)5(^IW)| 
teT/.geB„d^^i ' fc=i 

M iV 

< sup sup 9{dt{vl))\'^\\ul\\w\\ul\\w, 

s.teT/.geSjj/I 

where St'. C^{T;H) —> H denotes the evaluation functional in t G T, i.e., 6t{v) := 
v{t). We obtain the estimate 

M N 

\Ts{u)v\< ^ sup \j2fi^e)9{v£)\j2^^^k\\w\\ul\\w, 
f 1—1 k—1 

because f o 6t G Bco^j-h)' foi" / ^ Bh> and t gT. Hence, 

\Ts{u)v\ < ||n||co(T;ff)G) ll“llw(’") ^ Ikll Ikll W(’')) 

since with embedding constant 1 by Lemma 3.7, and Ts admits 

a unique extension Ts G 3^^®^')- 

For u G W^H and u G H®W with representations ^nd Pk® 

u\, respectively, one can prove in the same way as above that 

\T5iu)v\ < Vf \\v\\y(e)\\u\\y^^^H, \Tsiu)v\ < Vf \\v\\y(e)\\u\\H 0 ^W 

for all V G y^^l Finally, for G H ® H with representation Pk ® Pk 

obtain for all v G 3^^^^ 

\Ts{(p)v\ < T||u||j;(e)||v3||ffM. 

The last three estimates show that there exist unique extensions Ts G £{yV ®Tr 
Xg g £(i7 (g),j yV’;3^(®^'), and Ts G and complete the proof. 

□ 
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In addition to Ts we define the operator i?*: iJ —> 3^' for t G T by 

(3.6) Rt{(p)v:= {(p,v{t))H, v&y. 

The next lemma shows that we obtain a well-dehned operator Rg^t € 
by setting Rg^t ■= Rs Rt for s, t G T. 

Lemma 3.9. The operator Rt defined for t G T in (3.6) is bounded and satisfies 
\\Rt\\c(H-y') < 1- Furthermore, for s,t G T the operator Rg^t '■ H ® H ^ y' ®y' 
defined for tp G H ^ H by 


N 

(3.7) RsAt) ■= {Rs o Rt){p) = Rs(pI) o Rt(pl), 

k=l 

where Tk ® Tk ® representation of p G FI ® H, admits a unique extension 

to a bounded linear operator Rg t G £(H^^^;y^^^'). 

Proof. For t G T and p G H we calculate by using the Cauchy-Schwarz inequality 
and Lemma 3.6, 

\Rt{T)v\ = \{p,v{t))H\ < \MH\\v{t)\\H < \\p\\h\\v\\co(T-H) < ll‘Pl|ff||vb 

for all V G y. This proves that Rt{p) G y' for all G with \\Rt{T)\\y' ^ bb) 
which implies the assertion Rt G £{H;y') with \\Rt\\c{H-y') < 1 for aU t G T. 

By Lemma 3.1 (i) there exists a unique continuous extension Rg t G £{F{ 0 .^. 
H;y' ^TT y') of Rgy'. X ^ X ^ y ^ y defined in (3.7) for s, t G T. The fact 
that is isometrically isomorphic to y ( 8)77 y, cf. Lemma 3.2, completes the 
proof. □ 


3.4. A weak Ito isometry. In this subsection the diagonal trace operator is used 
to formulate an isometry for the expectation of the product of two weak stochastic 
integrals driven by the same Levy process. This isometry is an essential component 
in the derivation of the deterministic variational problems for the second moment 
and the covariance in Sections 4 and 6 . 


Lemma 3.10. For a predictable process 4> G L'^{flxT;£([J ; H)) and the covariance 
kernel q G in (3.1) the function £[<!>(•) 0 4>(-)](7 is a well-defined element in the 
■space The weak stochastic integral, cf. (2.4), satisfies, for vi,V2 G y. 


E 


{vi{s),^{s)< 1 L{s))h / {v2{f),^{t)<lL{t))H 


= r5(E[4>(-) (g) $(-)]g)(pi 0 V2). 


Proof. In order to prove that £[<!>(•) (g) d*)-)]*? is a well-defined element in the space 
it suffices to show that $(•) (g) <!)(•) G L^(fl;W^’^^)), and, hence, 
£[<!>(•) (g) 4)(-)] G W^’^^), since q G by Lemma 3.3. To this end, we 
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estimate 


>(•) (g) ® ^ I!‘&(-)IIC((7;W) 

= E sup [ ||$(t)i/>|||^dt <E f sup ||d>(t)'!/'||ff dt 

ipeu Jo Jo Jj&u 


ii&u Jo 
l'0llc/=l 


=E rii<i>(t)ii^(^;^)dt =ii<i>i 

Jo 


L^{nxT-,C(U-,H)) 


< + 00 . 


In order to justify that the weak stochastic integrals are well-defined, we note that 
the following embedding holds, 

L‘^{n X T;C{U; H)) -A L^{n x T; ^('H; i/)) 

with embedding constant \/tT{Q) < -|-oo, since 

ll‘J’lli2(nxT;£2(«;-R)) “ ® = ^ ll^(0/illg 

Jo Jo 

— ® / ll*^(Oll£(I/:/T)ll/jllD dt 

“'0 jex 

= tr(Q)E f ||‘I*(i)||£((7;//) dt = tr((5) ||d>||^2(QxT;£((7;H))> 

Jo 

where /„ := ^/%en and I := {j € N : jj ^ 0} for an eigenbasis (e„)„gN C U 
of Q with corresponding eigenvalues ( 7 „)„gN. For this reason, the weak stochastic 
integrals {vi{t), $(t) AL{t))H are well-defined for vi G y C C°(T; _ff), £ G {1)2}. 
Recalling the definition of the weak stochastic integral in (2.4) yields the equality 

f {ve{t),^{t)dL{t))H = f 'i/i{t)dL{t), £=1,2, 

Jo Jo 

where for £ G {1,2} the stochastic process G LF‘{Vt x T;£(f7;M)) is defined by 

z H> (u£(t),$(t)z)/i- yzeH 

for all t G T. Applying Ito’s isometry, see [8, Corollary 8.17], along with the 
polarisation identity, yields 

E f d>i{t)dL{t) [ 4'2(t)dL(t) =[ E [(d'i(t),4'2(£))£2(W;K)] di, 

Jo Jo J Jo 

where ^C 2 {'H;R) denotes the Hilbert-Schmidt inner product, i.e., 

($, d')£,(«;R) = $(/„) ^{fu) 

riGN 

for <h, Ik G £ 2 ( 77 ; M), where (/„)neN is an orthonormal basis of H. By choosing the 
orthonormal basis {fj)j^x from above we obtain 


E f {vi{s),^{s)dL{s))H f {v 2 it),^{t)dL{t))H 
Jo Jo 

= ( E [(lE'l(t), 'I'2(t))£2(^;R)] dt 
Jo 
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= / E 
Jo 

= [ E 
Jo 

= f E 


E 


Sei -I 

Jn{vi{t), ^{t)en)H{v2{t), $(i)e„)// dt 

neN 

y^(fi(t) 0 V2{t), [$(t) (g) $(t)]7„(e„ (g) e„))^( 2 ) 
nGN 

{vi{t) (g) W 2 (t), [$(t) (g) $(t)] 7 ri(e„ (g) en))H(^) 

neN 


dt 


dt 


= / E[(vi(t)(g)i;2(t),[$(t)(g)$(t)]q)^(2)] dt. 


By Proposition 3.8 the diagonal trace T 5 (E[$(-) (g) <i)(-)]( 7 )(r)i (g) V 2 ) is well-defined, 
since £[<!>(•) (g) $(•)]<? G With the introduced notion of the operator Ts we 

can rewrite the above expression as 


E 


{vi{s),^{s)dL{s))H / (u2(t),$(t)dL(t))_f/ 
Jo 

rT 


= / (ui(t) (g) V 2 (t),E[$(t) (g) $(t)](j)j:^( 2 ) dt = Ti(E[$(-) (g) $(-)]g)(vi (g) U 2 ), 

Jo 

which completes the proof. □ 


4. The second moment 

After having introduced the stochastic partial differential equation of interest 
and its mild solution in Section 2, the aim of this section is to derive a well-posed 
deterministic variational problem, which is satisfied by the second moment of the 
mild solution. 

The second moment of a random variable Y e taking values in a 

Hilbert space Hi is denoted by := E[T (g) Y], We recall the Bochner spaces 

yy = L^{T-,H), T = L'^{T;V) and y = L^{T;V) n It follows 

immediately from the definition of the mild solution that its second moment is an 
element of the tensor space Under the assumptions made above we can prove 

even more regularity. 

Theorem 4.1. Let Assumption 2.1 (i)-(iv) be satisfied. Then the second moment 
of the mild solution X defined in (2.3) satisfies = X (g)^ X. 

Proof. First, we remark that 

||M(2)XA<„ = ||EA ® VlUw < E|A ® = E [lAllU • 
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Hence, we may estimate as follows: 


||M(2)x|U„ <E 

rT 


S{t)Xo . 


S'(t-s)G(X(s))dL(s) 


< 2E 


II^W^oll 


S{t- s)G{X{s))dL{s) 


V 

dt 


dt 


= 2E 


\\A-^Sit)Xo\\%dt 


uo 


+ 2 


E 


s)G(X(s))dL(s) 


dt. 


H 


Since the generator —A of the semigroup > 0) is self-adjoint and negative 

definite, we can bound the first integral from above by using the inequality 
fT 

(4.1) 




and for the second term we use Ito’s isometry, cf. [8, Corollary 8.17], as well as the 
affine structure of the operator G to obtain 

||M(2)X|U„ <E||Xo||l, + 2 Te f \\A^S{t- s)G{X{s))\\l^^^.^H^dsdt 




/o Jo 


||H55(t-s)G2||^,(„,^)dsdt 


E 


\\A-^S{t-s)G,{X{s))\\l,^n-,H) 


By Assumption 2.1 (i)-(iii) as well as Theorem 2.3 there exists a regularity exponent 
r G [0,1] such that the mild solution satisfies X G L°°(T; (fi; H"^)). In addition, 
by Assumption 2.1 (iv) it holds that A^/^S'(-)Gi G L^(T;£(77’’;£2(77;77))). Then 
we estimate as follows, 

||M(2)X|U„ <E||Aof^ + 4^ r f \\A^^S{t-s)G2fn\\jidsdt 

INT 0 Jo 


n^N 


4 r ^\\Aisit-s)G^\ 
Jo Jo 




for an orthonormal basis {fn)nen of 77. Applying (4.1) again with upper integral 
bound t instead of T yields 

|2 I OT^II/^ l|2 


X\\x(.^) < l|7fo|lL2(n;Lr) + 2£||G2||£2(W;i/) 

-I- 4r|| A2 S'(-)Gl||^2(T;£(ijr.£2(^./^)))I 

which is finite under our assumptions and completes the proof. □ 


We define the bilinear form H: A x 3^ —> R by 

(4.2) B{u,v) := [ v{u{t)A-dt +A*)v{t))v* dt, uGX,vGy, 

Jo 

and the mean function m of the mild solution X in (2.3) by 

(4.3) mit) := EA(t) = S'(t)EAo, t G T. 

Note that due to the mean zero property of the stochastic integral the mean function 
depends only on the initial value Ag and not on the operator G. Furthermore, 
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applying inequality (4.1) shows the regularity m € X, and m can be interpreted as 
the unique function satisfying 

(4.4) m e X : B{m,v) = {EXq,v{0))h Vv e 3^. 

Well-posedness of this problem follows from [12, Theorem 2.3]. 

In addition, we introduce the operator E: X y' associated with the bilinear 
form B, i.e.. Mu := B{u, •) € y' for u G X. Then, this linear operator is bounded, 
B e C{X, y') and B(g)B: X ® X y' ®y' defined by 

N N N 

(B (g) B) ul (g) ul^ := Mul (g) Bu^ = ^ 0 B{ul, •) 

k^l k^l k^l 

admits a unique extension to a bounded linear operator B^^^^ € C{X^'^'>; (3^0with 
= B(g)BonT(g)T and ||£(_Y<’");(y')(’')) = ll®ll£(A-y') Lemma 3.1 (i). 
With these definitions and preliminaries we are now able to show that the second 
moment of the mild solution solves a deterministic variational problem. 

Theorem 4.2. Let all conditions of Assumption 2.1 he satisfied and let X he the 
mild solution to (2.2). Then the second momentX G X^^'^ solves the following 
variational problem 

(4.5) uGX^^'>: B^^\u,v) = f{v) Vi; e 3^(®\ 

where for u G X^'^'> and v G 

(4.6) B^^'>{u,v) :=M^^\u)v-Ts{{Gi<»Gi){u)q)v, 

f{v) := Rop{M‘'‘^'>Xo)v + Tsi{Gi{m) (g) G 2 )q)v 

+ Ts{{G 2 (g) Gi{m))q)v + Ts{{G 2 (g) G 2 )q)v 

with the operators Ts and i?o,o defined in (3.5) and (3.7) and the mean function 
m G X in (4.3). 

Proof. First, we remark that B^'^\u,v) is well-defined for u G X''’^^ and v G y'''^\ 
since the tensor spaces y' y' and (3^ ®e y)' are isometrically isomorphic by 
Lemma 3.2 and, hence, — Ts{{Gi (g Gi){u)q) G for all u G X^'^^ by the 

definition of B^"^) and Proposition 3.8. 

Let vy,V 2 G C'1{j,j(T;X>(A*)) = {(f G G^{T;V{A*)) : (fij) = 0}. Then, we 
obtain 

(g) V 2 ) = B^’^^(E[X (g) (g) V 2 ) = E[B^’^^(X (g) X)(pi (g) P 2 )] 

= E[(B(X) g M{X)){vi g U 2 )] = M[B{X, vi) B{X, V 2 )] 

= ® {—dt + A*)vi)i,2(j.u-^{X, {—dt + A*)v2)l^(t-h)] ■ 
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Due to the regularity of vi and V 2 we may take the inner product on L^(T; H) in 
this calculation. Now, since X is the mild solution of (2.2), Lemma 2.4 yields 

=E (^{Xo,vi{0 ))h + (i;i(s), G(X(s)) dL(s))ff) 

• i'2(0))ff + J {v2{t),G{X{t)) dL{t)) 

= E '(^i( 0 ))h(-’^O! ^2(0))//] 

+ E {Xo,vi{0))h [ {v 2 {t),G{X{t))dL{t))H 
Jo 

+ E {Xo,V2{0))h f {vi{s),G{X{s))dL{s))H 

L Jo 

+ e\ f {vi{s),G{X{s))dL{s))H f {v 2 {t),G{X{t))dL{t))H ■ 

'-Jo Jo 

The J^j-measurability of Xq € L^(yi\H), along with the independence of the sto¬ 
chastic integral with respect to and its mean zero property imply that the second 
and the third term vanish: For £ € {1, 2} we define the C 2 {'H] M)-valued stochastic 
process by 

w ^ {vi{t),G{X{t))w)H Vic e "H 

for f G T, P-almost surely. Then we obtain = \\G{X{t))*V(,(t)\\l^ 

P-almost surely with the adjoint G{X{t))* G of G{X{t)) and 

E[(Xo,i;K0))ff [ {vi{t),GiX{t))dL{t))H] = e[(Xo,^^0 ))^/ [ ^^(t)dL(t) 
'-Jo Jo -' 

= e[(Xo,uK0))hE[ / 'i’e{t)dLit) J-oll=0 
'-Jo J. 

by the definition of the weak stochastic integral, cf. [8, p. 151], the independence of 
the stochastic integral with respect to To and the fact that the stochastic integral 
has mean zero. For the first term we calculate by using the operator i?o,o defined 
in (3.7) and its continuity i?o.o € cf. Lemma 3.9, 

E[(-^o, Ti(0))/i-(Xo, ^ 2 ( 0 ))//] = E [i?o,o(-^o ® -^o)(wi 0 112 )] 

= -Ro.o(E[Xo 0 Xo])(vi 0 V 2 ) = i?o,o(M^^^-’fo)(i-’i ® T 2 ). 

Finally, the predictability of X together with the continuity assumptions on G 
imply the predictability of G{X) and we may use Lemma 3.10 for the last term 
yielding 

e\[ {vi{s),G{X{s))dL{s))H f {v 2 {t),GiX{t))dL{t))H 

'-Jo Jo -' 

= r 5 (E[G(X) 0 G(X)]g)(ui 0 V 2 ) 

= r5(E[Gi(X) (g) Gi(X)]g)(i;i (g) V 2 ) + r5((E[Gi(X)] (g) G 2 )q)ivi (g) V 2 ) 

+ Ts{{G2 (g) E[Gi(X)j)g)(wi (g) V 2 ) -I- Ts{{G2 (g) G2)g)(wi (g) V 2 ) 

= Ts{{Gi 0 Gi)(M(2)x)(7)(i;i ® V 2 ) + Ts{{Gi (m) (g) G 2 )q){vi (g) V 2 ) 

+ Ts{{G 2 (g) Gi{m))q){vi (g) V 2 ) + Ts{{G 2 ® G 2 )q){vi ® V 2 )- 
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Since Cq ^rp~^{T;'D{A*)) C 3^ is a dense subset, the claim follows. 


□ 


5. Existence and uniqueness 


Before we extend the results of Section 4 for the second moment to the covariance 
of the mild solution in Section 6 , we investigate in this section well-posedness of 
the variational problem (4.5) satished by the second moment. 

To this end, we first take a closer look at the variational problem (4.4) satished 
by the mean function m = EX of the solution process X. The bilinear form B 
arising in this problem is known to satisfy an inf-sup and a surjectivity condition 
on X X 3^, cf. the second part of [12, Theorem 2.2]. 


Theorem 5.1. For the bilinear form B in (4.2) the following hold: 


(5.1) 


/3:= 


. ^ B{u,v) 

mf sup . 

“e-^Vfo} „ey\{o} ll'w|U||i^||y 


> 0 , 


Vv e 3^ \ {0} : sup B{u, v) > 0. 
uex 


For proving well-posedness of the variational problem (4.5) satished by the second 
moment of the mild solution, we need a lower bound on the inf-sup constant (3 
in (5.1). In order to derive this bound, we hrst recall the Necas theorem, cf. [4, 
Theorem 2.2, p. 422]. 


Theorem 5.2 (Necas theorem). Let Hi and H 2 be two separable Hilbert spaces 
and Hi X H 2 —)■ K a continuous bilinear form. Then the variational problem 

(5.2) u G Hi : SS{u,v) = f(v) Vv G i? 2 , 

admits a unique solution u G Hi for all f G H 2 , which depends continuously on f, 
if and only if the bilinear form satisfies one of the following equivalent inf-sup 
conditions: 

(i) It holds 


^{vi,V2) 


vieHi\{0} y^^H 2 \{ 0 } \\Vi\\Hi\\V 2 \\H 2 


inf 


sup 


> 0 , 


inf 


sup 


^(ui, V 2 ) 




> 0 . 


(ii) There exists 7 > 0 such that 

. .^(V1,V2) . .^(V1,V2) 

mf sup 7 ^—7 - 7 — 7 — = mf sup —7 - 7 — 7 — 

t'i6Jii\{o}„2eLr2\{o} l|wi||ffilF2||Lr2 «2eTr2\{o}II uiIIhi 11ii2||h-2 


In addition, the solution u of (5.2) satisfies the stability estimate 

hlllL, <7-'ll/ll/L'. 

By using the equivalence of the conditions (i) and (ii) in the Necas theorem we 
are able to calculate a lower bound on fi in the following lemma. 


Lemma 5.3. The inf-sup constant fi in (5.1) satisfies /3 > 1. 

Proof. Combining the results of Theorem 5.1 with the equivalence of (i) and (ii) in 
Theorem 5.2 yields the equality 




inf 


sup 


B{u, v) 


= inf 


sup 


B{u, v) 


“e-^Vfo}„gy\{o} l|u||A'||p||y «6l^\{o}uea-vto} l|w||A||p||y 
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To derive a lower bound for /3, we proceed as in [11, 13]. Fix v € y \ {0}, and 
define u := v — {A*)~^dtV, where ( 2 !*)“^ is the right-inverse of the surjection 
A* G C{V; V*). Then u G X = T^(T; V) since G C{V*-, V) and we calculate 

as follows: 

Ml= f \\u{t)\\ldt= r v{u{t),A*u{t))v^dt 
Jo Jo 

= [ v{v{t) - {A*)~'^dtv{t),A*v{t) - dtv{t))v* dt 
Jo 

= f v{v{t),A*v{t))v- dt + f v{iA*)~'^dtv{t),dtv{t))v-dt 
Jo Jo 

-[ v{v{t),dtv{t))vdt- ( v{{A*)~^dtv{t),A*v{t))v*dt. 

Jo Jo 

Now the symmetry of the inner product (*, •)y on V yields 

v{iA*)-^dtvit),A*v{t))v^ = {iA*)-^dtvit),vit))v = Ht), {A*)-^dtvit))v 

= v{v{t),dtv{t))v>, 

and by inserting the identity A*{A*)~^, using ;^||u(t)|||^ = 2v{v{t),dtv{t))v- and 
v{T) = 0 we obtain 

Ml; = II^IIa + \\MMdtv\\% - 2v{v{t),dtv{t))v dt 

= \\v\\% + \\iA*MdM\% + \\vmH 

> IIHIa + \\MMdM\% = ll«ll^ + \\dtv\\h^r,y.) = lluliy 

In the last line we used that ||w||i/- = ||(A*)“^r(;||v for every w G V*, since 

II II v{v,w)v 

||u;||y. = sup -r—ii- 

«ev\{o} IpIIk 

v{v,A*{{A*Mw))v {v,{A*Mw)v ||/4♦^-l II 

= sup -n-= sup -n-= ||(^) w\\v 

«ev\{o} II^IIk t;en{o} 

Hence, we obtain for any hxed v G y and u = v — {A*)~^dtV that ||M||a’ > Iklly- 
In addition, we estimate 

B{u,v)= [ v{u{t),{-dt-\-A'‘)v{t))Y*dt 

Jo 

= [ v{v{t) - {A^)-^dMt).A^vit) - iA^-^dtvmv^ dt 
Jo 

= r ||r;(0 - (A*)-ia,n(t)||^d^ = ||r; - = ||z,||^ > ||u||;,||H|^ 

^0 


and, therefore. 


sup > Ikb Vu e y. 

«GA\{0} IblU 


This shows the assertion 

« ■ f B{w,v) . B{w,v) 

b = ml sup — . = ml sup . >1. □ 

„ey\{o} lbl|A||u||y «6J^\{0} u,gA:\{0} lblU||u||y 
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The result on the inf-sup constant /? in Lemma 5.3 above can be formulated in 
terms of the operator B G C(X;y') associated with the bilinear form B as follows: 
For every u G X \i holds 

(5.3) l|Bub' = sup > \\u\\x, 

i>GV\{o} IpIIv 

i.e., B is injective and by Theorem 5.1 also surjective and, hence, boundedly invert¬ 
ible with ||B“^||£(j;/.;t) < 1- 

These preliminary observations on the operator B associated with the bilinear 
form B yield the following result on the operator B^'^^ = B (§>,„. B mapping from the 
tensor product space X‘-'^'> to the tensor product space 

Lemma 5.4. The unique operator G satisfying ® 

vf') = Bu^ ® Bm^ for all u^,u^ G X is injeetive and, moreover, it holds 

(5.4) ||BW(u)||(y,)„ > 
for all u G X^'^K 

Proof. Let u G X®X and ® be a representation of u and fl ® ft 

be a representation of 

Since B is boundedly invertible, ® B“^/| is a well-defined element 

in X ^ X and, furthermore, it is a representation of u, since 

N N . N 

u = ^ u\®u\ = ^ (B^^Bu^) (g) (B“^Bm^) = (B“^ ® B“^) I ^ Bu^ ® Mul 

k=l k=l ^k=l 

, M , M 

= (B-i(g)B-i) (B(’^b) = (B-i(g)B-^) {^^fl<S>f!] =^B-V/(g)B-V|. 

With this observation we can estimate 

M M 

bbw < E iiB-v/iuiiB-v.^iu < E ii/^'b'ii/"b', 

fci e=i 

since ||B“^b(j;/.;t-) < 1. This calculation shows ||■ub(’') ^ ||B^’^b|b/)(,) for all 
u G X^"^^ and the assertion is proven. □ 

By using this lemma together with the properties of the operator Ts, which we 
have derived in Section 3.3, we now prove well-posedness of the variational problem 
satisfied by the second moment of the mild solution. 

Theorem 5.5. Suppose that 

(5-5) ||Gl||c(U:£2(«;ff)) < 1- 

Then the variational problem 

(5.6) w G X^^l : B^^'> {w, v) = f{v) Vv G y^‘^'> 

admits at most one solution w G X^^^ for every f G y®'^'. In particular, there 
exists a unique solution u G X^^^ satisfying (4.5). 
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Proof. It suffices to show that only u = 0 solves the homogeneous problem 

{u, v) = 0 VvG y^^'>. 

For this purpose, let u G be a solution to the homogeneous problem. Then it 
holds 

0 = - Ts{{Gi ® Gi){u)q)v 

for all V G and, hence, 

IIBWr - TsiiGl 0 Gl){u)q)\\yie), = 0 

and we calculate by using the estimate (5.4) of Lemma 5.4 as well as Lemma 3.2 
as follows, 

IklUw < ||B(-)u||(y,)„ = ||BWw||j;(e), 

< ||B(")u - TsiiGl 0 Gi)iu)q)\\yM, + ||T5((Gi 0 Gi)iu)q)\\yuv 
= \\TsiiGi(^Gi)iu)q)\\y,si, 

In addition. Proposition 3.8 and estimate (3.4) in Lemma 3.5 (i) yield 
||u||a'(’') < l|r<5||£(W(’");y(')') 11(^1 ® 

< ||(Gl (g) Gl)(-)g||£(;i<(,r).yy(,,))||M||;t-(,,) < || Gl || £(y ;£2 II wH . 

Therefore, w = 0, if Gi satisfies Condition (5.5), and the variational problem (5.6) 
has at most one solution. Under Assumption 2.1 on Xq and the affine opera¬ 
tor G(-) = Gi(-) -I-G 2 there exists a unique (up to modification) mild solution X to 
the stochastic partial differential equation (2.2) with second moment G 

satisfying the variational problem (4.5), cf. Theorems 2.3, 4.1, and 4.2. Therefore, 
we obtain existence and uniqueness of a solution to (5.6) for the right-hand side 

fiv) = i?o.o(M^^)Xo)u -b TsiiGiim) O G 2 )q)v 

+ TsiiG 2 (g) Giim))q)v + TsiiG 2 (g) G 2 )q)v, 
where m = EX and the variational problem (4.5) is well-posed. □ 

To conclude, we have shown in this section that there exists a variational problem 
that has the second moment of the mild solution (2.3) as its unique solution. 

6. From the second moment to the covariance 

In the previous sections, we have seen that the second moment of the 

mild solution X to the stochastic partial differential equation (2.2) satisfies a well- 
posed deterministic variational problem. As a consequence of this result we derive 
another deterministic problem in this section, which is satisfied by the covariance 
Cov(X) of the solution process. For this purpose, we remark first that 

Cov(X) = E [(X - EX) (g) (X - EX)] 

= E [(X (g) X) - (EX (g) X) - (X (g) EX) -b (EX (g) EX)] 

= M(2)X-EX(g)EX 

and Cov(X) G X^'^\ since M^^^X G by Theorem 4.1 and m = EX G X. By 
using this relation we can immediately deduce the following result for the covariance 
Cov(X) of the mild solution. 
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Theorem 6.1. Let all conditions of Assumption 2.1 he satisfied and let X be the 
mild solution to (2.2). Then the covariance Cov(X) € solves the well-posed 

problem 

(6.1) u £ : B^'^\u,v) = g{v) Vv £ 

with as in (4.6) and for v £ 

g{v) := RofiiCov{Xo))v + Ts{{G{m) (g) G{m))q)v, 

where Ts and i?o,o the operators defined in (3.5) and (3.7) and m £ X denotes 
the mean function introduced in (4.3). 

Proof. The covariance of the mild solution satisfies that Cov(X) = — EX (g) 

EX by the remark above. By using the result of Theorem 4.2 for the second moment 
M^^^X as well as (4.4) for the mean function m = EX we calculate for ui, V 2 £ y'. 

B^^'> (Cov(X), ui (g) va) = B^^'> (M^^lx, m (g) ua) - (EX (g) EX, m (g) ua) 

= fivi (g) fa) - (g) m)(vi (g) ua) + Tsi{Gi{m) (g) Gi(m))g)(vi (g) ua) 

= 7?o.o(M*'^^Xo)(pi (g) fa) + Ts{{G2 (g) G2)<7)(ni (g) fa) 

+ Ts{{Gi{m) (g) G 2 )q){vi (g) Pa)as + Ts{{G 2 (g) Gi{m))q){vi (g) Va) 

- (EXo, vi(0))ii-(EXo,n2(0))H- + Ts{{Gi{m) (g) Gi{m))q){vi (g) ua) 

= i?o,o(M^^^Xo)(pi (g) Pa) ~ 7?o,o(EXo (g) EXo)(ui (g) va) 

+ Ts{{G{m) (g) G{m))q){vi ® Ua)- 

Hence, 

H*^’"^(Cov(X),ui (g) va) = g{vi ® va) Vui,n2 € y 
and this observation completes the proof, since the subset spanjvi ® V 2 '. vi,V 2 £ 
3^} c 3'(") is dense and well-posedness of (6.1) follows from the existence of the mild 
solution X to (2.2) as well as its covariance Cov(X) £ and Theorem 5.5. □ 

Remark 6.2. Theorem 6.1 shows that, if only the covariance of the mild solution 
to the stochastic partial differential equation (2.2) needs to be computed, then one 
can do this by solving sequentially two deterministic variational problems: first, the 
more or less standard parabolic problem (4.4) for the mean function and afterwards 
problem (6.1) for the covariance, which is posed on non-reflexive tensor product 
spaces. 
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